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 الملخص  
 
 لقد قمنا في هذه االطروحة بدراسة الحل العام و استقراره لبعض انواع المعادالت الدالية حيث درسنا ما يلي  : 
 
المعادالت الدالية المنعكسة و المعادالت الدالية فرق المنعكسة و المعادالت الدالية جوار  .1
 المنعكسة.
 تعميم استقرار هايرز اوالم للمعادلة الدالية المنعكسة. .2
 ل العم للمعادلة الدالية المنعكسة في عدة متغيرات.الح .3
 تعميم استقرار هايرز اوالم للمعادلة الدالية المنعكسة  في عدة متغيرات. .4





















 كرها...إىل من أرضعتين من اإلميان ما يقويين...  إىل من محلتين كرها ووضعتين
 ومن احلنان ما يكفيين... ومن العلم ما ينري عقلي ووجداين...
 إىل أمي احلبيبة والغالية أطال اهلل يف عمرها...
 إىل من أنار درب حيايت بوجوده وحرص على اجتهادي...إىل من ألبسين ثوب املعرفة... 
 جبمع أفضاله علي ما أحصيتها ... إىل الذي لو كرست الدهر كله
 إىل أيب ووالدي العزيز أطال اهلل يف عمره... 
 إىل من قامسين دفء العائلة وقامسين مهدي...
 إىل إخويت العزيزين وأخوايت احلبيبات العزيزات ... 
 إىل عائليت املعطاءة آل أبو حطب...
 إىل عشرييت، عشرية السطرية الكرام...
 عمري ورفيقة دريب وهبجة قليب... إىل زوجيت... إىل من ستكون شريكة
 إىل أنسايب من آل اهلابيل الكرام...
 كل من علمين حرفا منذ طفوليت وحىت اآلن...  إىل
 إىل رفقاء الدرب والكرب ... إىل شركاء الفرح والقرح...
 ....إىل مجيع أصدقاء مراحل احلياة والدراسة
 
 ع.إىل كل هؤالء أهدي هذا العمل املتواض
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ABSTRACT
In this thesis, we study the general solution and the stability of some types of func-
tional equations, namely reciprocal , difference reciprocal and reciprocal adjoint func-
tional equation We study : The generalized Hyers-Ulam stability of reciprocal type
functional equation r(x+y) = r(x)r(y)
r(x)+r(y)
where r : R−{0} −→ R is a mapping x+y 6= 0
and r(x) + r(y) 6= 0 for all x, y ∈ R− {0}. The general solution and the generalized














where m is a positive inte-
ger with m ≥ 3 is study.Moreover is analysed the Hyers-Ulam stability of reciprocal
difference functional equation (or RDF equation)of the form r(x+y
2
) − r(x + y) =
r(x)r(y)
r(x) + r(y)
, and the reciprocal adjoint functional equation (or RAF equation) of the
form r(x+y
2






Functional equations form a modern branch of mathematics. To solve a functional
equation means to find all functions that satisfy the functional equation. The field of
functional equations includes differential equations, difference equations and integral
equations. Functional equations appeared in the literature around the same time as
the modern theory of function. A classical question in the theory of functional equa-
tions is the following: ”When is it true that a function which approximately satisfies
a functional equation must be close to an exact solution of the equation?”. If the
problem accepts a solution, we say that the equation is stable. The first stability
problem concerning group homomorphisms was raised by Ulam in 1940. In the next
year, Hyers gave a positive answer to the above question for additive groups under the
assumption that the groups are Banach spaces. In 1978, Rassias proved a generaliza-
tion of Hyers theorem for additive mappings. Furthermore, in 1994, a generalization
of Rassias theorem was obtained by Gavruta by replacing the bound ε(‖x‖p + ‖y‖p)
by a general control function ϕ(x, y) [10].
In 1982-1994, a generalization of the Hyers result was established by J. M. Rassias
with a weaker condition controlled by a product of different powers of norms. How-
ever, there was a singular case. Then for this singularity, a counter example was
given by P. G-avruta . This stability is called Hyers-Ulam-Rassias stability involving
a product of different powers of norms [14].
Very recently, S. M. Jung applied a fixed point method for proving the Hyers-Ulam






In 2008, K. Ravi and B. V. Senthil Kumar investigated some results on Ulam-Gavruta-
Rassias stability of the functional equation (0.1). It was proved that the reciprocal
function r(x) = c
x
is a solution of the functional equation (0.3). Later, J. M. Rassias




)− r(x+ y) = r(x)r(y)
r(x) + r(y)
(0.2)








and investigated the Hyers-Ulam stability of the equations (0.2) and (0.3). Further
in the same paper, it was proved that the functional equations (0.1), (0.2) and (0.3)
are equivalent [16].
This thesis is organized as follows.
Chapter one This chapter consists of two sections. In the first section, we study
reciprocal type functional equation in one variable and its solution . In the second
section, we study generalized Hyars - Ulam stability of reciprocal type functional
equation in one variable .
Chapter two This chapter consists of four sections.In the first section, we study
reciprocal difference functional equation and its solution . In the second section, we
study Hyars - Ulam stability of reciprocal difference functional equation . In the
third section, we study generalized Ulam stability of reciprocal difference functional
equation . In the fourth section, we study extended Ulam stability of reciprocal
difference functional equation .
2
Chapter three This chapter consists of four sections. In the first section, we study
reciprocal adjoint functional equation and its solution. In the second section, we study
Hyars - Ulam stability of reciprocal adjoint functional equation. In the third section,
we study generalized Hyers-Ulam stability of reciprocal adjoint functional equation.
In the fourth section, we study extended Hyers-Ulam stability of reciprocal adjoint
functional equation.
Chapter four This chapter consists of three sections. In the first section, we study
reciprocal type functional equation in several variable. In the second section, we study
generalized Hyars - Ulam stability of reciprocal type functional in several variable. In
the third section, we study counter examples.
3
Chapter 1
Stability of Reciprocal Type
Functional Equation
This chapter consists of two sections . In the first one reciprocal type functional
equation in one variable and its solution are studied . The second one is generalized
Hyars - Ulam stability of reciprocal type functional equation in one variable
1.1 Reciprocal Type Functional Equation in One
Variable and its Solution
Theorem 1.1.1. [12] Let r be a continuous real-valued function of a non-zero real





for all x, y ∈ R − {0}. If r(x) 6= 0 , 2r(x) + r(y) 6= 0 and 2r(x) + r(−y) 6= 0 for all





for all x ∈ R− {0}, where c is a constant
4




















for all x ∈ R− {0}.








for all x, y ∈ R− {0}.
Replacing (x, y) by (x,−2y) in (1.1) and using(1.3) we obtain






for all x, y ∈ R− {0}.
Dividing equation (1.5) by equation (1.6) and then replacing (x, y) by (x,−x) in












Then 3r(−x)r(3x) = r(−x)[2r(x) + r(−x)]
By using (1.4) we get
3r(−x)1
3
r(x) = 2r(−x)r(x) + r(−x)r(−x)
r(x) = 2r(x) + r(−x)
r(−x) = −r(x)
5
for all x, y ∈ R−{0}, which also shows that r is an odd function. From (1.1) and





To see this , it is clear that (1.7) is true for n = 1.




Replacing y by kx in (1.1) to get












Hence (1.7) is true for n = k + 1.
Therefore,(1.7) is true for all positive integers n.
Replacing x by x
n









) = nr(x) (1.8)
for all x ∈ R−{0}, where n is a positive integer. Now, replacing x by −x in equations
(1.7) and (1.8) and using oddness of r, we get






) = −nr(x) (1.10)












) = nr(1) = nc (1.12)
6
respectively for some constant c = r(1). Similarly, When x = 1, the equations (1.9)
and (1.10) become
r(−n) = − 1
n






) = −nr(1) = −nc. (1.14)






as m ∈ Z− {0}.
Next, let k = m
n
be any non-zero rational number, where m,n ∈ Z − {0} . Then






















. Let x be any fixed element in R − {0} , then there is a sequence (kn)
of non-zero rational numbers such that limn→∞ kn = x . Then by the continuity of





. Hence, we conclude that
r(x) = c
x
for all x ∈ R− {0} , which completes the proof of Theorem .
1.2 Generalized Hyars - Ulam Stability of Recipro-
cal Type Functional Equation in One Variable
Definition 1.2.1. [12] A mapping r : R− {0} −→ R defined as r(x) = c
x
, c being a




holds with 2r(x) + r(y) 6= 0 , 2r(x) + r(−y) 6= 0 , r(x) + r(y) 6= 0 and r(x) 6= 0 for all
x, y ∈ R− {0} .
7
Throughout this section X will denote the set of non zero real numbers
Notation: If g : X −→ R is a function, then we denoted
|Dg(x, y)| = |g(x+ y)− g(x)g(y)
g(x) + g(y)
|
for all x, y ∈ X.
Definition 1.2.2. [11] A metric space is a pair (Y, d), where Y is a set and d is a
metric on Y (or distance function on Y), that is; a real valued function defined on
Y × Y such that for all x, y, z ∈ Y we have:
1. d(x, y) ≥ 0.
2. d(x, y) = 0 if and only if x = y.
3. d(x, y) = d(y, x). (Symmetry)
4. d(x, y) ≤ d(x, z) + d(z, y). (Triangle inequality)
Lemma 1.2.3. [5] Assume that (Y ,d ) is a complete metric space, K is a nonempty
set and, a : K → K, Ψ : Y → Y , and f : K → Y be functions satisfying
d(Ψ{f [a(x)]}, f(x)) ≤ h(x) (1.16)
for all x ∈ K and for some function h : K → R+.
If Ψ satisfies
d(Ψ(x),Ψ(y)) ≤ φd(x, y) (1.17)
for all x, y ∈ Y , for a certain non-decreasing function φ : R+ → R+, then, for each
integer n, we have
d(Ψn+1{f [an+1(x)]},Ψn{f [an(x)]}) ≤ (φn(h[an(x)])) (1.18)
where Ψi, ai and φi denote the i-th iterate of Ψ, a and φ, respectively.
8
Proof .We prove (1.18) by induction on n. Setting in (1.16) a(x) instead of x we
get
d(Ψ{f [a2(x)]}, f [a(x)]) ≤ h[a(x)] (1.19)
setting x = Ψ(f [a2(x)]) and y = f(a(x)) in (1.17) and use (1.19) to get
d(Ψ2{f [a2(x)]},Ψ{f [a(x)]}) ≤ φ(d(Ψ{f [a2(x)]}, f [a(x)])) ≤ φ(h[a(x)]) (1.20)
since φ is non-decreasing. Therefor (1.18) is true for n = 1.
Suppose that (1.18) is true for n = k, then
d(Ψk+1{f [ak+1(x)]},Ψk{f [ak(x)]}) ≤ (φk(h[ak(x)])) (1.21)
Setting in (1.21) a(x) instead of x to get
d(Ψk+1{f [ak+2(x)]},Ψk{f [ak+1(x)]}) ≤ (φk(h[ak+1(x)])) (1.22)
setting x = Ψk+1(f [ak+2(x)]) and y = Ψkf(ak+1(x)) in (1.17) and use (1.22) to get
d(Ψk+2{f [ak+2(x)]},Ψk+1{f [ak+1(x)]}) ≤ φ(d(Ψk+1{f [ak+2(x)]},Ψk(f [ak+1(x)]))
≤ φk+1(h[ak+1(x)]) (1.23)
since φ is non-decreasing . Hence,(1.18) is true for n = k + 1.
Therefore (1.18) is true for all positive integer n.
Lemma 1.2.4. [5] Assume that (Y, d ) is a complete metric space, K is a nonempty
set, and a : K → K, Ψ : Y → Y and f : K → Y are functions satisfying
d(Ψ{f [a(x)]}, f(x)) ≤ h(x) for all x ∈ K and for some function h : K → R+.
Assume also that Ψ satisfies d(Ψ(x),Ψ(y)) ≤ φd(x, y) for all x, y ∈ Y for a certain
non-decreasing function φ : R+ → R+, and for each integer n, we have
d(Ψn+1{f [an+1(x)]},Ψn{f [an(x)]}) ≤ (φn(h[an(x)])),




i{h[ai(x)]} , is convergent for every x ∈ K then {Qn(x)} is a
Cauchy sequence, where Qn(x) = Ψ
n[f(an(x))].







Let m > n; then by using triangle inequality we have,
d(Qn(x), Qm(x)) ≤ d(Qn+1(x), Qn(x))+d(Qn+2(x), Qn+1(x))+...+d(Qm−1(x), Qm−2(x))+
d(Qm(x), Qm−1(x))
= d(Ψn+1{f [an+1(x)]},Ψn{f [an(x)]}) + ...+ d(Ψm{f [am(x)]},Ψm−1{f [am−1(x)]})







i{h(ai(x)} is convergent , then {Qn(x)} is
Cauchy .
Using triangle inequality we get
d(Qn(x), f(x)) = d(Ψ









Taking the limit as n goes to infinity we obtain (1.23).
Lemma 1.2.5. [5] Assume the hypotheses of Lemmas 1.2.3 and 1.2.4. If the function
Ψ is continuous, then the function r is a solution of the functional equation
Ψ{r[a(x)]} = r(x), (1.25)
x ∈ K. Moreover, if φ is subadditive, then r is the only function satisfying (1.24) and
(1.25)
Proof. By the continuity of Ψ we have the following chain of equalities:
Ψ{r[a(x)]} = Ψ[limn→∞Qn{a(x)}] = limn→∞Ψ[Qn{a(x)}]
= limn→∞Ψ
n+1[f{an+1(x)}] = r(x) since Qn(x) = Ψn[f(an(x))]. Suppose that a
function r1 satisfies (1.24) and (1.25) and φ is subadditive. Thus
d(r1(x), Qn(x)) = d(Ψ
n{r1[an(x)]},Ψn{f [an(x)]}) by (1.24)









n+i(h[an+i(x)])) since φ is subadditive




converges ] we obtain d(r1(x), r(x)) = limn→∞ d(r1(x), Qn(x)) = 0 . Therefor r is
unique .
We may now summarize the previous results in the following theorem.
Theorem 1.2.6. [12]
Assume that (Y ,d ) is a complete metric space, K is a nonempty set, f : K →
Y ,Ψ : Y → Y , a : K → K, h : K → [0,∞) ,v ∈ [0,∞), ,d(Ψ ◦ f ◦ a(x), f(x)) ≤ h(x)




for x ∈ K. Then, for every x ∈ K , the limit r(x) = limn→∞Ψn ◦ f ◦ an(x) exists and
r : K → Y is a unique function such that Ψ ◦ r ◦ a = r and d(f(x), r(x)) ≤ H(x) , for
x ∈ K.
Theorem 1.2.7. [12] Suppose that the mapping g : X −→ R satisfying
|Dg(x, y)| ≤ φ(x, y) (1.26)
for all x, y ∈ X where φ : X ×X −→ R be a given function. Suppose there exists









) ≤ βφ(x, y) (1.27)
for all x, y ∈ X. Then there exists a unique reciprocal mapping r : X −→ R which
satisfies reciprocal type functional equation(1.1) and the inequality
|g(x)− r(x)| ≤ 2β
2− β
φ(x, x) (1.28)
for all x ∈ X .






































for all x ∈ X. Considering f = g ,Ψ(z) = 1
2
z ,v = 1
2







x and d(x, y) = |x − y| for all x, y ∈ X in Theorem (1.2.6) we see that the
limit r(x) = limn→∞ 2























2−βφ(x, x),for all x ∈ X. Therefor, |g(x) − r(x)| ≤ H(x) =
2β
2−βφ(x, x) which is
exactly (1.28). Using (1.26) and(1.27) we obtain
2−n|Dg(2−nx, 2−ny)| ≤ (β
2
)nφ(x, y) (1.30)























)nφ(x, y) = 0.
Therefor, r(x + y) = r(x)r(y)
r(x)+(y)
,hence r satisfies (1.1). Next, we show that r is the
unique reciprocal mapping satisfying (1.1) and (1.28). Let r1 : X → R be another
reciprocal mapping satisfying (1.1) and (1.28), and |r1(x)−g(x)| ≤ H(x) for all x ∈ X,





r1(x) = r1(x) and hence by Theorem (1.2.6)
r = r1 , which proves that r is unique 
Theorem 1.2.8. [12] Suppose that the mapping g : X −→ R satisfying |Dg(x, y)| ≤
φ(x, y) for all x, y ∈ X where φ : X ×X −→ R be a given function . Suppose there
exists β ∈ (0,∞) such that 2β < 1 and
φ(2x, 2y) ≤ βφ(x, y) (1.31)
12
for all x, y ∈ X. Then there exists a unique reciprocal mapping r : X −→ R which
satisfies (1.1) and the inequality
|g(x)− r(x)| ≤ 2
1− 2β
φ(x, x) (1.32)
for all x ∈ X .
Proof . Replacing (x, y) by (x, x) in (1.26) and use the notation in page 7 we
get
|Dg(x, x)| = |g(x+ x)− g(x)g(x)
g(x) + g(x)
| = |g(2x)− 1
2
g(x)| ≤ φ(x, x) (1.33)
for all x ∈ X, that is
|2g(2x)− g(x)| ≤ 2φ(x, x) (1.34)
for all x ∈ X . The rest of the proof is obtained by taking f = 1
2
g ,Ψ(z) = 2z ,v = 2
,h(x) = 2φ(x, x) ,a(x) = 2x, and d(x, y) = |x− y| for all x, y ∈ X in Theorem (1.2.6)
and we see that the limit r(x) = limn→∞ 2












1−2βφ(x, x),for all x ∈ X. Therefor ,|g(x) − r(x)| ≤ H(x) =
2
1−2βφ(x, x) which is
exactly (1.32). Using (1.26) and (1.31), we obtain
2n|Dg(2nx, 2ny)| ≤ (2β)nφ(x, y) (1.35)


















2n|Dg(2nx, 2ny)| ≤ lim
n→∞
(2β)nφ(x, y) = 0.
Therefor, r(x + y) = r(x)r(y)
r(x)+(y)
and hence r satisfies (1.1). Next, we show that r is the
unique reciprocal mapping satisfying (1.1) and (1.32). Let r1 : X → R be another
13
reciprocal mapping satisfying (1.1) and (1.32), and |r1(x)−g(x)| ≤ H(x) for all x ∈ X,
Ψ ◦ r1 ◦ a(x) = r1(x) i.e. 2[r1(2x)] = 22r1(x) = r1(x) and hence by Theorem(1.2.6)
r = r1, which proves that r is unique 
Theorem 1.2.9. [12] Let g : X −→ R be a mapping satisfying
|Dg(x, y)| ≤ φ(x, y) (1.36)


















with the conditions x+ y 6= 0 ,g(x) + g(y) 6= 0 and g(x) 6= 0 for all x, y ∈ X and
limn→∞ 2








) = 0 )
holds for every x ∈ X . Then there exists a unique reciprocal mapping
r : X −→ R which satisfies reciprocal type functional equation (1.1) for all x ∈ X
and the inequality |g(x)− r(x)| ≤ Γ(x).
Corollary 1.2.10. [12] Let g : X −→ R be a mapping such that
|Dg(x, y)| ≤ c1(|x|p + |y|p) for all x, y ∈ X,where c1 ≥ 0 and p 6= −1.
for all x, y ∈ X. Then there exists a unique reciprocal mapping r : X −→ R
satisfying reciprocal type functional equation (1.1), for every x ∈ X and for p 6= −1





Proof Let φ(x, y) = c1(|x|p + |y|p)














This means that the series above converges and so limn→∞ 2
n+1φ(2nx, 2nx) = 0.





































) = 0. By
using the two cases we get Γ(x) = 4c1|2p+1−1| |x|
p.
Therefor, by Theorem (1.2.9) there exists a unique reciprocal mapping r : X −→ R
satisfying reciprocal type functional equation(1.1)
and |g(x)− r(x)| ≤ 4c1|2p+1−1| |x|
p , for p 6= −1 
Corollary 1.2.11. [12] Let g : X −→ R be a mapping such that
|Dg(x, y)| ≤ c2|x|a|y|b for all x, y ∈ X , where c2 ≥ 0 and a+ b 6= −1
. Then there exists a unique reciprocal mapping r : X −→ R satisfying reciprocal
type functional equation (1.1), for every x ∈ X , ρ 6= −1 and
|g(x)− r(x)| ≤ 2c2
|2ρ+1 − 1|
|x|ρ (1.40)
Proof Let φ(x, y) = c2|x|a|y|b













ρ, where ρ = a+ b.
Therefor , as above, limn→∞ 2
n+1φ(2nx, 2nx) = 0.
15





































By using the two cases we get Γ(x) = 2c1|2ρ+1−1| |x|
ρ.
Therefor, by Theorem (1.2.9) there exists a unique reciprocal mapping r : X −→ R
satisfying reciprocal type functional equation (1.1) and |g(x) − r(x)| ≤ 2c2|2ρ+1−1| |x|
ρ ,
for every x ∈ X and ρ 6= −1. 
Corollary 1.2.12. [12] Let g : X −→ R be a mapping , such that
|Dg(x, y)| ≤ c3(|x|q|y|q + (|x|2q + |y|2q)) for all x, y ∈ X ,where c3 ≥ 0 and, q 6= −12 .
Then there exists a unique reciprocal mapping r : X −→ R satisfying reciprocal type
functional equation(1.1) , and for q 6= −1
2
and all x ∈ X,
|g(x)− r(x)| ≤ 6c3
|22q+1 − 1|
|x|2q (1.41)
. Proof Let φ(x, y) = c3(|x|q|y|q + (|x|2q + |y|2q))















n+1φ(2nx, 2nx) = 0.









































) = 0. By using the two cases we get Γ(x) = 6c3|22q+1−1| |x|
2q.
Therefore by Theorem (1.2.9) there exists a unique reciprocal mapping r : X −→ R
satisfying reciprocal type functional equation (1.1) and |g(x)− r(x)| ≤ 6c3|22q+1−1| |x|
2q ,
for 2q 6= −1. 
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Chapter 2




This chapter consists of four sections:
In the first section, we study reciprocal difference functional equation and its solu-
tion. In the second section, we study Hyars - Ulam stability of reciprocal difference
functional equation. In the third section, we study generalized Ulam stability of recip-
rocal difference functional equation. In the fourth section, we study extended Ulam
stability of reciprocal difference functional equation.




)− r(x+ y) = r(x)r(y)
r(x) + r(y)
(2.1)
for all x, y ∈ X .
Equation (2.1 )is called the reciprocal difference functional equation
17
2.1 Reciprocal Difference Functional Equation and
its Solution
Theorem 2.1.1. [15] Let X and Y be sets of non-zero real numbers. A function








)− r(x+ y) = r(x)r(y)
r(x) + r(y)
Therefore, every solution of functional equations (2.1) is also a reciprocal function .






Replacing x by x
2




) = 2r(x). (2.3)
































)− r(x+ y) = r(x)r(y)
r(x) + r(y)
Conversely, let r : X −→ Y satisfy the functional equation(2.1).Putting y = x in
(2.1) we obtain
18
r(x)− r(2x) = r(x)
2
(2.6)
Multiplying both side by 2 to get






Replacing x by x
2





Using (2.9) in (2.1), we obtain (1.1)







This completes the proof of Theorem (2.1)
2.2 Hyars - Ulam Stability of Reciprocal Differ-
ence Functional Equation
Theorem 2.2.1. [15] Let X and Y be sets of non-zero real numbers. Assume in
addition that f : X −→ Y is a mapping for which there exists a constant c ≥ 0
independent of x, y such that the functional inequality
|f(x+ y
2










exists for all x ∈ X ,n ∈ N and r : X −→ Y is the unique mapping satisfying the
functional equation (2.1), such that
|f(x)− r(x)| ≤ ε (2.13)
for all x ∈ X . Moreover, functional identity r(x) = 2−nr(2−nx) holds for all x ∈ X
and all n ∈ N .





















)− f(x)| ≤ c
2
(2.15)
Replacing x by x
2k−1












for all x ∈ X.
Multiplying both sides of the above inequality by 1
2k−1

















































)| ≤ c(1− 1
2n
). (2.18)
for all x ∈ X and n ∈ N. Now if n > m > 0 , then n −m is a natural number,






)− f(x)| ≤ ε(1− 1
2n−m
). (2.19)
Multiplying both sides by 1
2m
















































)| = 0. (2.22)
Hence {2−nf(2−nx)}∞n=1 is a Cauchy sequence in X. Hence the limit of this sequence
exists.





Now we show that r : X → R defined by (2.23) is satisfying (2.1). Then by using
(2.1) and (2.11) we get
|r(x+ y
2





























)− r(x+ y) = r(x)r(y)
r(x)+(y)
for all x, y ∈ X.
Our next goal is to show that |f(x)− r(x)| ≤ c . By using (2.18) we get










Hence we obtain |f(x)− r(x)| ≤ c for all x ∈ X
Finally we prove that r is unique. Suppose r is not unique, then there exists another
reciprocal function g : X −→ R such that |g(x) − f(x)| ≤ c , for all x ∈ X . Note
that
|g(x)− r(x)| = |g(x)− f(x) + f(x)− r(x)| ≤ |g(x)− f(x)|+ |f(x)− r(x)| = c+ c
Therefore,
|g(x)− r(x)| ≤ 2c (2.24)
22
Further, since r and g are reciprocal function , we have for any n ∈ N,






| = |2−ng(2−nx)− 2−nr(2−nx)|
= 2−n|g(2−nx)− r(2−nx)| ≤ 2−n(2c).
Taking the limit on both sides as n→∞ , we get which is
|g(x)− r(x)| = 0.
Hence g(x) = r(x) ∀x ∈ X. Therefore, the reciprocal map r is unique and the proof
of the theorem is now complete.
2.3 Generalized Ulam Stability of Reciprocal Dif-
ference Functional Equation
The generalized Ulam (or Ulam-Gavruta-Rassias) stability introduced by J. M. Ras-
sias, concerns functional equations controlled by the product of powers of norms.
Theorem 2.3.1. [15] Let f : X −→ Y be a mapping on the sets of non-zero real
numbers. If there exist a, b : ρ = a+ b > −1 and c1 ≥ 0 such that
|f(x+ y
2
)− f(x+ y)− f(x)f(y)
f(x) + f(y)
| ≤ c1|x|a|y|b (2.25)
for all x, y ∈ X , then there exists a unique reciprocal mapping r : X −→ Y such that
|r(x)− f(x)| ≤ c|x|ρ (2.26)
hold and r satisfies (2.1) for all x, y ∈ X where c = 2c1
2ρ+1−1 .


















































)− f(x)| ≤ c1
2ρ
|x|ρ. (2.29)
Replacing x by x
2


















































































)− f(x)| ≤ c|x|ρ. (2.33)
for all x ∈ X and all n ∈ N. Now if n > m > 0 , then n−m is a natural number, and






)− f(x)| ≤ c|x|ρ. (2.34)
Multiplying both sides by 1
2m





























If m→∞ and ρ > −1, then c|x|
ρ
2m(ρ+1)

















is a Cauchy sequence in X. Hence the limit of this sequence exists.
























≤ limn→∞ 2−n(a+b)c1|x|a|y|b = 0 by (2.25)
Therefore, r(x+y
2
)− r(x+ y) = r(x)r(y)
r(x)+(y)
for all x, y ∈ X.
Our next goal is to show that |f(x)− r(x)| ≤ c|x|ρ
|f(x)− r(x)| = |f(x)− lim
n→∞
2−nf(2−nx)|
= limn→∞ |2−nf(2−nx)− f(x)| ≤ limn→∞ c|x|ρ = c|x|ρ by (2.33).
Hence we obtain |f(x)− r(x)| ≤ c|x|ρ for all x ∈ X.
Finally we prove that r is unique. Suppose r is not unique, then there exists another
reciprocal function g : X −→ R such that
|g(x)− f(x)| ≤ c|x|ρ (2.40)
for all x ∈ X . Note that
|g(x)− r(x)| = |g(x)− f(x) + f(x)− r(x)|
≤ |g(x)− f(x)|+ |f(x)− r(x)|
= c|x|ρ + c|x|ρ.
25
Therefore,
|g(x)− r(x)| ≤ 2c|x|ρ (2.41)
Further, since r and g are reciprocal function , we have






| = |2−ng(2−nx)− 2−nr(2−nx)|
= 2−n|g(2−nx)− r(2−nx)| ≤ 2−n(2c|2−nx|ρ) = 2−n(ρ+1)+1c|x|ρ, where n ∈ N.
Taking the limit on both sides as n→∞, we get
|g(x)− r(x)| ≤ lim
n→∞
2−n(ρ+1)+1c|x|ρ = 0
Hence g(x) = r(x) ∀x ∈ X. Therefore, the reciprocal map r is unique and the proof
of the Theorem is now complete.
Theorem 2.3.2. [15] Let f : X −→ Y be a mapping on the sets of non-zero real
numbers. If there exist a, b where ρ = a+ b < −1 and c1 ≥ 0 such that
|f(x+ y
2
)− f(x+ y)− f(x)f(y)
f(x) + f(y)
| ≤ c1|x|a|y|b (2.42)
for all x, y ∈ X , then there exists a unique reciprocal mapping r : X −→ Y such that
|r(x)− f(x)| ≤ c|x|ρ (2.43)
hold and r satisfies (2.1) for all x, y ∈ X where c = 2c1
1−2ρ+1 .
Proof Replacing(x, y) by (x, x)in (2.42), we have
|f(x+ x
2
)− f(x+ x)− f(x)f(x)
f(x) + f(x)
| ≤ c1|x|a|x|b (2.44)
|f(x)− f(2x)− 1
2
f(x)| ≤ c1|x|ρ (2.45)
|1
2
f(x)− f(2x)| ≤ c1|x|ρ (2.46)
|f(x)− 2f(2x)| ≤ 2c1|x|ρ. (2.47)
Replacing x by 2x in (2.47) and multiplying by 2 we get
|2f(2x)− 22f(22x)| ≤ 22c1|2x|ρ. (2.48)
26
Summing (2.48) with (2.47) and use the triangle inequality to get |f(x)−22f(22x)| ≤
|f(x)− 2f(2x)|+ |2f(2x)− 22f(22x)|




Proceeding further and using induction on a positive integer n, we get











Setting c = 2c1
1−2ρ+1 to get
|f(x)− 2nf(2nx)| ≤ c|x|ρ (2.52)
for all x ∈ X and n ∈ N. Now if n > m > 0 , then n−m is a natural number, and n
can be replaced by n−m in (2.52) to obtain
|f(x)− 2n−mf(2n−mx)| ≤ c|x|ρ (2.53)
Multiplying both sides by 2m and simplifying , we get
|2mf(x)− 2nf(2n−mx)| ≤ 2mc|x|ρ. (2.54)
for all x ∈ X. Now we replace x by 2mx to have
|2mf(2mx)− 2nf(2nx)| ≤ 2mc|2mx|ρ (2.55)
|2mf(2mx)− 2nf(2nx)| ≤ 2m(ρ+1)c|x|ρ. (2.56)
If m→∞ and ρ < −1 then 2m(ρ+1)c|x|ρ → 0 , and therefore,
lim
m→∞




is a Cauchy sequence in X. Hence the limit of this sequence exists.




Now we show that r : X → R defined by (2.58) is satisfying (2.1). Consider
|r(x+ y
2































)− r(x+ y) = r(x)r(y)
r(x)+(y)
, for all x, y ∈ X.
Our next goal is to show that
|f(x)− r(x)| ≤ c|x|ρ
|f(x)− r(x)| = |f(x)− lim
n→∞
2nf(2nx)|
= | limn→∞ 2nf(2nx)− f(x)| ≤ limn→∞ c|x|ρ = c|x|ρ by (2.52)
Hence we obtain
|f(x)− r(x)| ≤ c|x|ρ, for all x ∈ X.
Finally we prove that r is unique. Suppose r is not unique, then there exists another
reciprocal function g : X −→ R such that
28
|g(x)− f(x)| ≤ c|x|ρ (2.60)
for all x ∈ X . Note that
|g(x)− r(x)| = |g(x)− f(x) + f(x)− r(x)|
≤ |g(x)− f(x)|+ |f(x)− r(x)| = c|x|ρ + c|x|ρ
Therefore,
|g(x)− r(x)| ≤ 2c|x|ρ (2.61)
Further, since r and g are reciprocal function , we have










where n ∈ N. Hence
|g(x)− r(x)| ≤ 2n(ρ+1)+1c|x|ρ.
Taking the limit on both sides, we get
0 ≤ |g(x)− r(x)| = lim
n→∞
|g(x)− r(x)| ≤ lim
n→∞
2n(ρ+1)+1c|x|ρ = 0
Hence g(x) = r(x) ∀x ∈ X. Therefore, the reciprocal map r is unique and the
proof of the Theorem is now complete.
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Theorem 2.3.3. [15] Let f : X −→ Y be a mapping on the sets of anon zero real
number for which there exists a constant θ > 0 and f satisfies
|f(x+ y
2
)− f(x+ y)− f(x)f(y)
f(x) + f(y)
| ≤ θH(x, y) (2.62)
























) = 0 (2.64)
holds. Then there exists a unique reciprocal mapping A : X −→ Y which satisfies
(2.1) and the inequality
|f(x)− A(x)| ≤ θφ(x)
for all x ∈ X.













































Replacing x by x
2
















































































for all x ∈ X and n ∈ N. Now if n > m > 0 , then n−m is a natural number, and n


















Multiplying both sides by 1
2m



















































)→ 0 ∀i by (2.63)










is a Cauchy sequence in X. Hence the limit of this sequence exists.




Now we show that A : X → R defined by (2.74) is satisfying(2.1). Consider
|A(x+ y
2






















≤ θ limn→∞ 2−nH(2−nx, 2−ny) = 0 by (2.62) and (2.64).
Therefore, A(x+y
2
)− A(x+ y) = A(x)A(y)
A(x)+A(y)
for all x, y ∈ X.
Our next goal is to show that
|f(x)− A(x)| ≤ θφ(x)
|f(x)− A(x)| = |f(x)− lim
n→∞
2−nf(2−nx)|
= | limn→∞ 2−nf(2−nx)− f(x)| ≤ limn→∞ θφ(x) = θφ(x) by (2.69).
Hence we obtain
|f(x)− A(x)| ≤ θφ(x)
for all x ∈ X
Finally we prove that A is unique. Suppose that there exists another reciprocal
function G : X −→ R such that
|G(x)− f(x)| ≤ θφ(x) (2.75)
for all x ∈ X . Note that
|G(x)− A(x)| = |G(x)− f(x) + f(x)− A(x)|
≤ |G(x)− f(x)|+ |f(x)− A(x)|
= θφ(x) + θφ(x)
32
Therefore
|G(x)− A(x)| ≤ 2θφ(x) (2.76)
Further, since A and G are reciprocal function , we have










where n ∈ N. Hence
|G(x)− A(x)| ≤ 2−nθφ(x).
Taking the limit on both sides, we get
0 ≤ |G(x)− A(x)| = lim
n→∞
|G(x)− A(x)| ≤ lim
n→∞
2−nθφ(x) = 0.
Hence G(x) = A(x) ∀x ∈ X. Therefore, the reciprocal map A is unique and the proof
of the theorem is now complete.
Theorem 2.3.4. [15] Let f : X −→ Y be a mapping on the sets of non-zero real
numbers for which there exists a constant θ > 0 and f satisfies
|f(x+ y
2
)− f(x+ y)− f(x)f(y)
f(x) + f(y)
| ≤ θH(x, y) (2.77)








2nH(2n+1x, 2n+1x) = 0 (2.79)
holds. Then there exists a unique reciprocal mapping A : X −→ Y which satisfies
(2.1) and the inequality
33
|f(x)− A(x)| ≤ θφ(x)
for all x ∈ X
Proof Replacing(x, y) by (x, x) in (2.77), we have
|f(x+ x
2
)− f(x+ x)− f(x)f(x)
f(x) + f(x)
| ≤ θH(x, x) (2.80)
|f(x)− f(2x)− 1
2
f(x)| ≤ θH(x, x) (2.81)
|1
2
f(x)− f(2x)| ≤ θH(x, x) (2.82)
|f(x)− 2f(2x)| ≤ θH(x, x) (2.83)
Replacing x by 2x in ,(2.83),and multiplying by 2 we get
|2f(x)− 22f(22x)| ≤ 2θH(2x, 2x) (2.84)
Summing (2.84) and (2.83) and use triangle inequality to get |f(x) − 22f(22x)| ≤
|f(x)− 2f(2x)|+ |2f(2x)− 22f(22x)|





Proceeding further and using induction on a positive integer n, we get




for all x ∈ X and n ∈ N. Now if n > m > 0 , then n−m is a natural number, and n
can be replaced by n−m in (2.86) to obtain




Multiplying both sides by 2m and simplifying , we get





for all x ∈ X. Now we replace x by 2mx to have








|2mf(2mx)− 2nf(2nx)| = 0. (2.90)
Hence
{2nf(2nx)}∞n=1 (2.91)
is a Cauchy sequence in X. Hence the limit of this sequence exists.




Now we show that A : X → R defined by (2.92) is satisfying (2.1). Consider
|A(x+ y
2



























)− A(x+ y) = A(x)A(y)
A(x) + (y)
for all x, y ∈ X.
Our next goal is to show that
|f(x)− A(x)| ≤ θφ(x)
|f(x)− A(x)| = |f(x)− lim
n→∞
2nf(2nx)|
= | limn→∞ 2nf(2nx)− f(x)| ≤ θφ(x) by (2.86)
Hence we obtain
|f(x)− A(x)| ≤ θφ(x)
for all x ∈ X
Finally we prove that A is unique. Suppose that there exists another reciprocal
function G : X −→ R such that
|G(x)− f(x)| ≤ θφ(x) (2.93)
for all x ∈ X . Note that
|G(x)− A(x)| = |G(x)− f(x) + f(x)− A(x)|
≤ |G(x)− f(x)|+ |f(x)− A(x)| = θφ(x) + θφ(x)
Therefore,
|G(x)− A(x)| ≤ 2θφ(x) (2.94)
36
Further, since A and G are reciprocal function , we have
































where n ∈ N. Hence






Taking the limit on both sides, we get
0 ≤ |G(x)− A(x)| = lim
n→∞








Hence G(x) = A(x) ∀x ∈ X. Therefore, the reciprocal map A is unique and the proof
of the theorem is now complete.
2.4 Extended Ulam Stability of Reciprocal Differ-
ence Functional Equation
The extended Ulam(or Rassias) stability introduced by J. M. Rassias, concerns func-
tional equations controlled by the mixed product-sum of powers of norms.
Theorem 2.4.1. [15] Let f : X −→ Y be a mapping on the sets of non-zero real





)− f(x+ y)− f(x)f(y)
f(x) + f(y)
| ≤ k(|x|α|y|α + (|x|2α + |y|2α)) (2.95)
for all x, y ∈ X , then there exists a unique reciprocal mapping r : X −→ Y such that
|r(x)− f(x)| ≤ c|x|2α (2.96)
and r satisfies (2.1)for all x, y ∈ X where c = 6k
22α+1−1 .
37



















































)− f(x)| ≤ 3k
22α
|x|2α (2.99)
Replacing x by x
2





















































































)− f(x)| ≤ c|x|2α. (2.104)
for all x ∈ X and n ∈ N. Now if n > m > 0 , then n−m is a natural number, and n






)− f(x)| ≤ c|x|2α. (2.105)
Multiplying both sides by 1
2m
















































)| = 0. (2.108)
Hence
{2−nf(2−nx)}∞n=0 (2.109)
is a Cauchy sequence in X. Hence the limit of this sequence exists.




Now we show that r : X → R defined by (2.110) is satisfying (2.1). Consider
|r(x+ y
2





















≤ limn→∞ 2−n(2α+1)k(|x|α|y|α + (|x|2α + |y|2α)) = 0 by (2.95)
Therefore, r(x+y
2
)− r(x+ y) = r(x)r(y)
r(x)+(y)
, for all x, y ∈ X.
Our next goal is to show that
|f(x)− r(x)| ≤ c|x|2α
By (2.110), we hava





2−nf(2−nx)− f(x)| ≤ c|x|2α
39
Hence we obtain |f(x)− r(x)| ≤ c|x|2α for all x ∈ X
Finally we prove that r is unique. Suppose that there exists another reciprocal
function g : X −→ R such that
|g(x)− f(x)| ≤ c|x|2α (2.111)
for all x ∈ X . Note that
|g(x)− r(x)| = |g(x)− f(x) + f(x)− r(x)|
≤ |g(x)− f(x)|+ |f(x)− r(x)| = c|x|2α + c|x|2α
Therefore,
|g(x)− r(x)| ≤ 2c|x|2α (2.112)
Further, since r and g are reciprocal function , we have








= 2−n|g(2−nx)− r(2−nx)| ≤ 2−n(2α+1)+1c|x|2α, where n ∈ N. Hence
|g(x)− r(x)| ≤ 2−n(2α+1)+1c|x|2α
Taking the limit on both sides, we get
0 ≤ |g(x)− r(x)| = lim
n→∞
|g(x)− r(x)| ≤ lim
n→∞
2−n(2α+1)+1c|x|2α
Hence g(x) = r(x) ∀x ∈ X. Therefore, the reciprocal map r is unique and the
proof of the theorem is now complete.
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Theorem 2.4.2. [15] Let f : X −→ Y be a mapping on the sets of non-zero real





)− f(x+ y)− f(x)f(y)
f(x) + f(y)
| ≤ k(|x|α|y|α + (|x|2α + |y|2α)) (2.113)
for all x, y ∈ X , then there exists a unique reciprocal mapping r : X −→ Y such that
|f(x)− r(x)| ≤ c|x|2α
and r satisfies (2.1) for all x, y ∈ X where c = 6k
1−22α+1
Proof Replacing (x, y) by (x, x) in (2.113), we get
|f(x+ x
2
)− f(x+ x)− f(x)f(x)
f(x) + f(x)
| ≤ k(|x|α|x|α + (|x|2α + |x|2α)) (2.114)
|f(x)− f(2x)− 1
2
f(x)| ≤ 3k|x|2α (2.115)
|1
2
f(x)− f(2x)| ≤ 3k|x|2α (2.116)
|f(x)− 2f(2x)| ≤ 6k|x|2α (2.117)
Replacing x by 2x in (2.117) and multiplying by 2 to get
|2f(2x)− 22f(22x)| ≤ 12k|2x|2α. (2.118)
Summing (2.17) and (2.118) and use the triangle inequality to get |f(x)−22f(22x)| ≤
|f(x)− 2f(2x)|+ |2f(2x)− 22f(22x)|





Using induction on a positive integer n, we get












Setting c = 6k
1−22α+1 , (2.121) becomes
|f(x)− 2nf(2nx)| ≤ c|x|2α (2.122)
for all x ∈ X and n ∈ N. Now if n > m > 0 , then n−m is a natural number and
n can be replaced by n−m in (2.122) to obtain
|f(x)− 2n−mf(2n−mx)| ≤ c|x|2α (2.123)
Multiplying both sides by 2m and simplifying , we get
|2mf(x)− 2nf(2n−mx)| ≤ 2mc|x|2α (2.124)
for all x ∈ X. Now we replace x by 2mx to have
|2mf(2mx)− 2nf(2nx)| ≤ 2mc|2mx|2α (2.125)
|2mf(2mx)− 2nf(2nx)| ≤ 2m(2α+1)c|x|2α (2.126)
If m→∞ and α < −1
2
then 2m(2α+1)c|x|2α → 0 , and therefore,
lim
m→∞
|2mf(2mx)− 2nf(2nx)| = 0. (2.127)
Hence
{2nf(2nx)}∞n=0 (2.128)
is a Cauchy sequence in X. Hence the limit of this sequence exists.




Now we show that r : X → R defined by (2.129) is satisfying (2.1). Consider
|r(x+ y
2





























2n(2α+1)k(|x|α|y|α + (|x|2α + |y|2α)) = 0
Therefore, r(x+y
2
)− r(x+ y) = r(x)r(y)
r(x)+(y)
, for all x, y ∈ X.
Our next goal is to show that
|f(x)− r(x)| ≤ c|x|2α Using r(x) = limn→∞ 2nf(2nx) we have
|f(x)− r(x)| = |f(x)− lim
n→∞
2nf(2nx)|
= | limn→∞ 2nf(2nx)− f(x)| ≤ c|x|2α
Hence we obtain |f(x)− r(x)| ≤ c|x|2α ,for all x ∈ X
Finally we prove that r is unique. Suppose that there exists another reciprocal
function g : X −→ R such that
|g(x)− f(x)| ≤ c|x|2α (2.130)
for all x ∈ X . Note that
|g(x)− r(x)| = |g(x)− f(x) + f(x)− r(x)|
≤ |g(x)− f(x)|+ |f(x)− r(x)| = c|x|2α + c|x|2α
Therefore
|g(x)− r(x)| ≤ 2c|x|2α (2.131)
Further, since r and g are reciprocal function , we have








= 2n|g(2nx)− r(2nx)| ≤ 2n(2α+1)+1c|x|2α,
where n ∈ N. Hence
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|g(x)− r(x)| ≤ 2n(2α+1)+1c|x|2α
Taking the limit of both sides, we get
0 ≤ |g(x)− r(x)| = lim
n→∞
|g(x)− r(x)| ≤ lim
n→∞
2n(2α+1)+1c|x|2α = 0.
Hence g(x) = r(x) ∀x ∈ X. Therefore, the reciprocal map r is unique and the proof
of the theorem is now complete.
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Chapter 3




This chapter consists of four sections:
In the first section, we study reciprocal adjoint functional equation and its solution.
In the second section, we study Hyars - Ulam stability of reciprocal adjoint functional
equation. In the third section, we study generalized Ulam stability of reciprocal
adjoint functional equation. In the fourth section, we study extended Ulam stability
of reciprocal adjoint functional equation.









for all x, y ∈ X.
Equation (3.1) is called the reciprocal adjoint functional equation.
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3.1 Reciprocal Adjoint Functional Equation and
its Solution
Theorem 3.1.1. [15] Let X and Y be sets of non-zero real numbers. A function








) + r(x+ y) =
3r(x)r(y)
r(x) + r(y)
Therefore, every solution of functional equations (3.1)is also a reciprocal function .






Replacing x by x
2




) = 2r(x). (3.3)





















































Multiplying both side by 2 to get
2r(x) + 2r(2x) = 3r(x) (3.9)
2r(2x) = r(x) (3.10)
Replacing x by x
2





Using (3.11) in (3.1), we obtain












This completes the proof of Theorem (3.1.1).
3.2 Hyars - Ulam Stability of Reciprocal Adjoint
Functional Equation
Theorem 3.2.1. [15] Let X and Y be sets of non-zero real numbers. Assume in
addition that f : X −→ Y is a mapping for which there exists a constant c ≥ 0
(independent of x, y) such that the functional inequality
|f(x+ y
2










exists for all x ∈ X , n ∈ N and r : X −→ Y is the unique mapping satisfying the
functional equation (3.1), such that
|f(x)− r(x)| ≤ c
for all x ∈ X. Moreover, functional identity r(x) = 2−nr(2−nx) holds for all x ∈ X
and n ∈ N





























































Replacing x by x
2k−1













for all x ∈ X . Multiplying both sides of the above inequality by 1
2k−1
and adding the


































)| ≤ c(1− 1
2n
). (3.21)
for all x ∈ X and n ∈ N. Now if n > m > 0 , then n−m is a natural number, and n






)| ≤ c(1− 1
2n−m
). (3.22)
Multiplying both sides by 1
2m
















































)| = 0. (3.25)
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Hence {2−nf(2−nx)}∞n=1
is a Cauchy sequence in X. Hence the limit of this sequence exists.




Now we show that r : X → R defined by (3.26) is satisfies (3.1). Then by using (3.14)
we get |r(x+y
2































) + r(x+ y) =
3r(x)r(y)
r(x) + (y)
for all x, y ∈ X.
Our next goal is to show that |f(x)− r(x)| ≤ c .By using (3.21) we get
|f(x)− r(x)| = |f(x)− lim
n→∞
2−nf(2−nx)|
= | limn→∞ 2−nf(2−nx)− f(x)| ≤ limn→∞ c(1− 12n ) = c.
Hence we obtain
|f(x)− r(x)| ≤ c
for all x ∈ X.
Finally we prove that r is unique. Suppose r is not unique, then there exists another
reciprocal function g : X −→ R such that
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|g(x)− f(x)| ≤ c (3.27)
for all x ∈ X . Note that
|g(x)− r(x)| = |g(x)− f(x) + f(x)− r(x)|
≤ |g(x)− f(x)|+ |f(x)− r(x)|
= c+ c
Therefore
|g(x)− r(x)| ≤ 2c (3.28)
Further, since r and g are reciprocal function , we have for any n ∈ N ,










Taking the limit on both sides as n→∞, we get
lim
n→∞




|g(x)− r(x)| = 0.
Hence g(x) = r(x) ∀x ∈ X. Therefore, the reciprocal map r is unique and the proof
of the theorem is now complete.
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3.3 Generalized Ulam Stability of Reciprocal Ad-
joint Functional Equation
Theorem 3.3.1. [15] Let X and Y be sets of non zero real numbers and f : X −→ Y
be a mapping . If there exist a, b where ρ = a+ b > −1 and c1 ≥ 0 such that
|f(x+ y
2
) + f(x+ y)− 3f(x)f(y)
f(x) + f(y)
| ≤ c1|x|a|y|b (3.29)
for all x, y ∈ X , then there exists a unique reciprocal mapping r : X −→ Y such that
|f(x)− r(x)| ≤ c|x|ρ
holds and r satisfies (3.1) for all x, y ∈ X where c = 2c1
2ρ+1−1 .











































Replacing x by x
2























































































)| ≤ c|x|ρ. (3.36)
for all x ∈ X and all n ∈ N. Now if n > m > 0 , then n−m is a natural number, and






)| ≤ c|x|ρ. (3.37)
Multiplying both sides by 1
2m





























If m→∞ and ρ > −1, then c|x|
ρ
2m(ρ+1)

















is a Cauchy sequence in X. Hence the limit of this sequence exists.










































) + r(x+ y) =
3r(x)r(y)
r(x) + (y)
for all x, y ∈ X.
Our next goal is to show that
|f(x)− r(x)| ≤ c|x|ρ






≤ limn→∞ c|x|ρ = c|x|ρ. (By (3.34).)
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Hence we obtain
|f(x)− r(x)| ≤ c|x|ρ
for all x ∈ X.
Finally we prove that r is unique. Suppose r is not unique, then there exists another
reciprocal function g : X −→ R such that
|g(x)− f(x)| ≤ c|x|ρ (3.43)
for all x ∈ X . Note that
|g(x)− r(x)| = |g(x)− f(x) + f(x)− r(x)|
≤ |g(x)− f(x)|+ |f(x)− r(x)|
= c|x|ρ + c|x|ρ
Therefore,
|g(x)− r(x)| ≤ 2c|x|ρ (3.44)
Further, since r and g are reciprocal function , we have






| = |2−ng(2−nx)− 2−nr(2−nx)|
= 2−n|g(2−nx)− r(2−nx)| ≤ 2−n2c|2−nx|ρ = 2−n(ρ+1)+1c|x|ρ,
Taking the limit on both sides as n→∞, we get
|g(x)− r(x)| ≤ lim
n→∞
2−n(ρ+1)+1c|x|ρ = 0
Hence g(x) = r(x) ∀x ∈ X. Therefore, the reciprocal map r is unique and the
proof of the theorem is now complete.
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Theorem 3.3.2. [15] let X and Y be sets of non zero real numbers and f : X −→ Y
be a mapping . If there exist a, b where ρ = a+ b < −1 and c1 ≥ 0 such that
|f(x+ y
2
) + f(x+ y)− 3f(x)f(y)
f(x) + f(y)
| ≤ c1|x|a|y|b (3.45)
for all x, y ∈ X , then there exists a unique reciprocal mapping r : X −→ Y such that
|r(x)− f(x)| ≤ c|x|ρ
holds and r satisfies (3.1)for all x, y ∈ X where c = 2c1
1−2ρ+1 .
Proof
Replacing (x, y) by (x, x)in (3.45), we have
|f(x+ x
2
) + f(x+ x)− 3f(x)f(x)
f(x) + f(x)
| ≤ c1|x|a|x|b (3.46)
|f(x) + f(2x)− 3
2
f(x)| ≤ c1|x|ρ (3.47)
|f(2x)− 1
2
f(x)| ≤ c1|x|ρ (3.48)
|2f(2x)− f(x)| ≤ 2c1|x|ρ (3.49)
Replacing x by 2x in (3.49) and multiplying by 2 we get
|22f(22x)− 2f(2x)| ≤ 22c1|2x|ρ (3.50)
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Summing (3.50) with (3.49) and use the triangle inequality to get |22f(22x)−f(x)| ≤





Proceeding further and using induction on a positive integer n, we get











Setting c = 2c1
1−2ρ+1 to get
|2nf(2nx)− f(x)| ≤ c|x|ρ (3.54)
for all x ∈ X and n ∈ N. Now if n > m > 0 , then n−m is a natural number, and n
can be replaced by n−m in (3.54) to obtain
|2n−mf(2n−mx)− f(x)| ≤ c|x|ρ (3.55)
Multiplying both sides by 2m and simplifying , we get
|2nf(2n−mx)− 2mf(x)| ≤ 2mc|x|ρ (3.56)
for all x ∈ X. Now we replace x by 2mx to have
|2nf(2nx)− 2mf(2mx)| ≤ 2mc|2mx|ρ (3.57)
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|2nf(2nx)− 2mf(2mx)| ≤ 2m(ρ+1)c|x|ρ (3.58)
If m→∞ and ρ < −1 then 2m(ρ+1)c|x|ρ → 0 and therefore,
lim
m→∞
|2nf(2nx)− 2mf(2mx)| = 0. (3.59)
Hence
{2nf(2nx)}∞n=0 (3.60)
is a Cauchy sequence in X. Hence the limit of this sequence exists.




Now we show that r : X → R defined by (3.61) is satisfying (3.1). Consider
|r(x+ y
2


































) + r(x+ y) =
3r(x)r(y)
r(x) + (y)
for all x, y ∈ X.
Our next goal is to show that
|f(x)− r(x)| ≤ c|x|ρ






≤ limn→∞ c|x|ρ = c|x|ρ. By (3.54)
Hence we obtain
|f(x)− r(x)| ≤ c|x|ρ
for all x ∈ X
Finally we prove that r is unique. Suppose that there exists another reciprocal
function g : X −→ R such that
|g(x)− f(x)| ≤ c|x|ρ (3.62)
for all x ∈ X . Note that
|g(x)− r(x)| = |g(x)− f(x) + f(x)− r(x)|
≤ |g(x)− f(x)|+ |f(x)− r(x)|
= c|x|ρ + c|x|ρ
Therefore
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|g(x)− r(x)| ≤ 2c|x|ρ (3.63)
Further, since r and g are reciprocal function , we have






| = |2ng(2nx)− 2nr(2nx)| = 2n|g(2nx)− r(2nx)|
≤ 2n(ρ+1)+1c|x|ρ, where n ∈ N. Hence
|g(x)− r(x)| ≤ 2n(ρ+1)+1c|x|ρ
Taking the limit on both sides, we get
0 ≤ |g(x)− r(x)| = lim
n→∞
|g(x)− r(x)| ≤ lim
n→∞
2n(ρ+1)+1c|x|ρ = 0
Hence g(x) = r(x) ∀x ∈ X. Therefore, the reciprocal map r is unique and the proof
of the theorem is now complete.
Theorem 3.3.3. [15] Let X and Y be sets of non zero real numbers and f : X −→ Y
be a mapping for which there exists a constant θ > 0 and satisfies
|f(x+ y
2
) + f(x+ y)− 3f(x)f(y)
f(x) + f(y)
| ≤ θH(x, y) (3.64)
























holds. Then there exists a unique reciprocal mapping A : X −→ Y which satisfies
(3.1) and the inequality
|f(x)− A(x)| ≤ θφ(x)
for all x ∈ X.












































Replacing x by x
2




















Summing (3.68) with (3.67) and using triangle inequality and multiplying the right
side by 2
2





























































for all x ∈ X and n ∈ N. Now if n > m > 0 , then n −m is a natural number,


















Multiplying both sides by 1
2m










































































)| = 0. (3.74)
Hence
{2−nf(2−nx)}∞n=0 (3.75)
is a Cauchy sequence in X. Hence the limit of this sequence exists.




Now we show that A : X → R defined by (3.75) is satisfying (3.1). Consider
|A(x+ y
2



























) + A(x+ y) =
3A(x)A(y)
A(x) + A(y)
for all x, y ∈ X.
Our next goal is to show that
|f(x)− A(x)| ≤ θφ(x)













) = θφ(x). (By (3.70))
Hence we obtain
|f(x)− A(x)| ≤ θφ(x)
for all x ∈ X.
Finally we prove that A is unique. Suppose that there exists another reciprocal
function G : X −→ R such that
|G(x)− f(x)| ≤ θφ(x) (3.77)
for all x ∈ X . Note that
|G(x)− A(x)| = |G(x)− f(x) + f(x)− A(x)|
≤ |G(x)− f(x)|+ |f(x)− A(x)| = θφ(x) + θφ(x)
Therefore,
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|G(x)− A(x)| ≤ 2θφ(x) (3.78)
Further, since G and f are reciprocal function , we have







= |2−nG(2−nx)− 2−nA(2−nx)| = 2−n|G(2−nx)− A(2−nx)| ≤ 2−nθφ(x),
where n ∈ N. Hence
|G(x)− A(x)| ≤ 2−nθφ(x)
Taking the limit on both sides, we get
0 ≤ |G(x)− A(x)| = lim
n→∞
|G(x)− A(x)| ≤ lim
n→∞
2−nθφ(x) = 0
Hence G(x) = A(x) ∀x ∈ X. Therefore the reciprocal map A is unique and the
proof of the theorem is now complete.
Theorem 3.3.4. [15] Let X and Y be sets of non-zero real numbers and f : X −→ Y
be a mapping for which there exists a constant θ > 0 and f satisfies
|f(x+ y
2
) + f(x+ y)− 3f(x)f(y)
f(x) + f(y)
| ≤ θH(x, y) (3.79)








2nH(2n+1x, 2n+1x) = 0
holds. Then there exists a unique reciprocal mapping A : X −→ Y which satisfies
(3.1) and the inequality
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|A(x)− f(x)| ≤ θφ(x)
for all x ∈ X
Proof
Replacing (x, y) by (x, x) in (3.79), we have
|f(x+ x
2
) + f(x+ x)− 3f(x)f(x)
f(x) + f(x)
| ≤ θH(x, x) (3.80)
|f(x) + f(2x)− 3
2
f(x)| ≤ θH(x, x) (3.81)
|f(2x)− 1
2
f(x)| ≤ θH(x, x) (3.82)
|2f(2x)− f(x)| ≤ 2θH(x, x) (3.83)
Replacing x by 2x in (3.86) and multiplying by 2 we get
|22f(22x)− 2f(2x)| ≤ 22θH(2x, 2x) (3.84)
Summing (3.87) with (3.86) and use triangle inequality to get
|22f(22x)− f(x)| ≤ |22f(22x)− 2f(2x)|+ |2f(2x)− f(x)|




Proceeding further and using induction on a positive integer n, we get




for all x ∈ X and n ∈ N. Now if n > m > 0 , then n −m is a natural number,
and n can be replaced by n−m in (3.89) to obtain




Multiplying both sides by 2m and simplifying , we get
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for all x ∈ X. Now we replace x by 2mx to have








|2nf(2nx)− 2mf(2mx)| = 0. (3.90)
Hence {2nf(2nx)}∞n=0
is a Cauchy sequence in X. Hence the limit of this sequence exists.




Now we show that A : X → R defined by (3.91) is satisfying (3.1). Consider
|A(x+ y
2


























) + A(x+ y) =
3A(x)A(y)
A(x) + A(y)
for all x, y ∈ X.
Our next goal is to show that
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|f(x)− A(x)| ≤ θφ(x)
|f(x)− A(x)| = |f(x)− lim
n→∞
2nf(2nx)|
= | limn→∞ 2nf(2nx)− f(x)| ≤ θφ(x) by (3.86)
Hence we obtain
|f(x)− A(x)| ≤ θφ(x)
for all x ∈ X
Finally we prove that A is unique. Suppose that there exists another reciprocal
function G : X −→ R such that
|G(x)− f(x)| ≤ θφ(x) (3.92)
for all x ∈ X . Note that
|G(x)− A(x)| = |G(x)− f(x) + f(x)− A(x)|
≤ |G(x)− f(x)|+ |f(x)− A(x)| = θφ(x) + θφ(x)
Therefore,
|G(x)− A(x)| ≤ 2θφ(x) (3.93)
Further, since A and G are reciprocal function , we have



























where n ∈ N. Hence






Taking the limit on both sides, we get
0 ≤ |G(x)− A(x)| lim
n→∞








Hence g(x) = r(x) ∀x ∈ X. Therefore, the reciprocal map A is unique and the proof
of the theorem is now complete.
3.4 Extended Ulam Stability of Reciprocal adjoint
Functional Equation
Theorem 3.4.1. [15] Let X and Y be sets of non zero real numbers and f : X −→ Y





) + f(x+ y)− 3f(x)f(y)
f(x) + f(y)
| ≤ k(|x|α|y|α + |x|2α + |y|2α) (3.94)
for all x, y ∈ X , then there exists a unique reciprocal mapping r : X −→ Y such that
|f(x)− r(x)| ≤ c|x|2α
and r satisfies (3.1) for all x, y ∈ X where c = 6k
22α+1−1 .
Proof














































Replacing x by x
2





















































































)| ≤ c|x|2α (3.101)
Where c = 6k
22α+1−1 for all x ∈ X and n ∈ N. Now if n > m > 0 , then n−m is a






)| ≤ c|x|2α. (3.102)
Multiplying both sides by 1
2m















































)| = 0. (3.105)
Hence
{2−nf(2−nx)}∞n=0 (3.106)
is a Cauchy sequence in X. Hence the limit of this sequence exists.




Now we show that r : X → R defined by (3.107) is satisfying(3.1). Consider
|r(x+ y
2


























) + r(x+ y) =
3r(x)r(y)
r(x) + r(y)
for all x, y ∈ X.
Our next goal is to show that
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|f(x)− r(x)| ≤ c|x|2α
|f(x)− r(x)| = |f(x)− lim
n→∞
2−nf(2−nx)|
= | limn→∞ 2−nf(2−nx)− f(x)| ≤ c|x|2α by (3.101)
Hence we obtain
|f(x)− r(x)| ≤ c|x|2α
for all x ∈ X
Finally we prove that r is unique. Suppose that there exists another reciprocal
function g : X −→ R such that
|g(x)− f(x)| ≤ c|x|2α (3.108)
for all x ∈ X . Note that
|g(x)− r(x)| = |g(x)− f(x) + f(x)− r(x)|
≤ |g(x)− f(x)|+ |f(x)− r(x)| = c|x|2α + c|x|2α
Therefore,
|g(x)− r(x)| ≤ 2c|x|2α (3.109)
Further, since r and g are reciprocal function , we have






| = |2−ng(2−nx)− 2−nr(2−nx)|
= 2−n|g(2−nx)− r(2−nx)| ≤ 2−n(2α+1)+1c|x|2α,
71
where n ∈ N. Hence
|g(x)− r(x)| ≤ 2−n(2α+1)+1c|x|2α
Taking the limit on both sides, we get
0 ≤ |g(x)− r(x)| = lim
n→∞
|g(x)− r(x)| ≤ lim
n→∞
2−n(2α+1)+1c|x|2α = 0
Hence g(x) = r(x) ∀x ∈ X. Therefore, the reciprocal map r is unique and the
proof of the theorem is now complete.
Theorem 3.4.2. [15] Let X and Y be sets of non zero real numbers and f : X −→ Y





) + f(x+ y)− 3f(x)f(y)
f(x) + f(y)
| ≤ k(|x|α|y|α + |x|2α + |y|2α) (3.110)
for all x, y ∈ X , then there exists a unique reciprocal mapping r : X −→ Y such
that
|r(x)− f(x)| ≤ c|x|2α
and r satisfies (3.1) for all x, y ∈ X where c = 6k
1−22α+1 .
Proof
Replacing (x, y) by (x, x) in (3.110), we have
|f(x+ x
2
) + f(x+ x)− 3f(x)f(x)
f(x) + f(x)
| ≤ k(|x|α|x|α + (|x|2α + |x|2α)) (3.111)
|f(x) + f(2x)− 3
2
f(x)| ≤ 3k|x|2α (3.112)
|f(2x)− 1
2
f(x)| ≤ 3k|x|2α (3.113)
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|2f(2x)− f(x)| ≤ 6k|x|2α (3.114)
Replacing x by 2x in (3.114) and multiplying by 2 to get
|22f(22x)− 2f(2x)| ≤ 12k|2x|2α (3.115)
Summing (3.115) with (3.114) and use triangle inequality to get |22f(22x)− f(x)| ≤





Then by induction one can see that for all natural number n,










Setting c = 6k
1−2(2α+1)
|2nf(2nx)− f(x)| ≤ c|x|2α (3.119)
for all x ∈ X and n ∈ N. Now if n > m > 0 , then n−m is a natural number, and n
can be replaced by n−m in (3.119) to obtain
|2n−mf(2n−mx)− f(x)| ≤ c|x|2α (3.120)
Multiplying both sides by 2m and simplifying , we get
|2nf(2n−mx)− 2mf(x)| ≤ 2mc|x|2α (3.121)
for all x ∈ X. Now we replace x by 2mx to have
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|2nf(2nx)− 2mf(2mx)| ≤ 2mc|2mx|2α (3.122)
|2nf(2nx)− 2mf(2mx)| ≤ 2m(2α+1)c|x|2α (3.123)
If m→∞ and α < −1
2
2m(2α+1)c|x|2α → 0 , and therefore,
lim
m→∞
|2nf(2nx)− 2mf(2mx)| = 0. (3.124)
Hence
{2nf(2nx)}∞n=0 (3.125)
is a Cauchy sequence in X. Hence the limit of this sequence exists.




Now we show that r : X → R defined by (3.126) is satisfying (3.1). Consider
|r(x+ y
2






























) + r(x+ y) =
3r(x)r(y)
r(x) + r(y)
for all x, y ∈ X.
Our next goal is to show that |f(x)− r(x)| ≤ c|x|2α
|f(x)− r(x)| = |f(x)− lim
n→∞
2nf(2nx)|
= | limn→∞ 2nf(2nx)− f(x)| ≤ c|x|2α by (3.123)
Hence we obtain
|f(x)− r(x)| ≤ c|x|2α
for all x ∈ X.
Finally we prove that r is unique. Suppose that there exists another reciprocal
function g : X −→ R such that
|g(x)− f(x)| ≤ c|x|2α (3.127)
for all x ∈ X . Note that
|g(x)− r(x)| = |g(x)− f(x) + f(x)− r(x)|
≤ |g(x)− f(x)|+ |f(x)− r(x)| = c|x|2α + c|x|2α
Therefore
|g(x)− r(x)| ≤ 2c|x|2α (3.128)
Further, since r and g are reciprocal function , we have










≤ 2n2c|2nx|2α = 2n(2α+1)+1c|x|2α,
where n ∈ N. Hence
|g(x)− r(x)| ≤ 2n(2α+1)+1c|x|2α
Taking the limit on both sides, we get
0 ≤ |g(x)− r(x)| = lim
n→∞




|g(x)− r(x)| ≤ 0.
Hence g(x) = r(x) ∀x ∈ X. Therefore the reciprocal map r is unique and the proof
of the theorem is now complete.
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Chapter 4
Stability of Reciprocal Type
Functional Equation in Several
Variables
Introduction
This chapter consists of three sections:
In the first section, we study reciprocal type functional equation in several variables.
In the second section, we study generalized Hyars - Ulam stability of reciprocal type
functional equation in several variables. In the third section,we study counter exam-
ples .
4.1 Reciprocal Type Functional Equation in Sev-
eral Variables
The Reciprocal Type Functional Equation in Several variables is:∏m
i=2 r(x1 + xi)∑m
i=2[
∏m











where m is a positive integer with m ≥ 3 .
Notation:We define the difference operator Dmr : X
m → R by














for x1, x2, ..., xm ∈ X.
In the following results, we will set 0
m−1
0m−2
= 0 for m ≥ 3 and assume∑m
i=2[
∏m




j=2,j 6=i r(xj)] + (m − 1)
∏m
i=2 r(xi) 6= 0 for all
xi ∈ X; i = 1, 2, ...,m ; m ≥ 3 and x1 6= −xi for all i; 2 ≤ i ≤ m;m ≥ 3.
hugGeneral solution of functional equation (4.1)
Theorem 4.1.1. [16] A mapping r : X → R satisfies the functional equation (4.1)
for all x1, x2, ..., xm ∈ X if and only if there exists a reciprocal mapping r : X → R
satisfying the reciprocal functional equation (1.1) for all x, y ∈ X.
Proof. Let the mapping r : X → R satisfies the functional equation (4.1).























(m− 1)rm−2(y)[r(x) + r(y)]






Conversely, let the mapping r : X → R satisfies the functional equation (1.1).
Replacing (x, y) by (x1, x2 + x3) in (1.1), we obtain
r((x1 + x2 + x3) =
r(x1)r(x2 + x3)

















j=2,j 6=i r(xj)] +
∏3
i=2 r(xi)
for all x1, x2, x3 ∈ X. Using induction on a positive integer m− 1, we have









for all x1, x2, ..., xm−1 ∈ X. Now, replacing xi by x for i = 1, 2, ...,m− 1 in (4.2) , we
get r((m− 1)x) = 1
m−1r(x) for all x ∈ X. Replacing xi by xi+1 for i = 1, 2, ...,m− 1
in (4.2), we obtain





j=3,j 6=i r(xj)] +
∏m
i=3 r(xi)
for all x1, x2, ..., xm ∈ X. Now, replacing xi by x1 + xi+1 for i = 1, 2, ...,m in (2.3) ,
we get ∏m
i=2 r(x1 + xi)∑m
i=3 r(x1 + x2)[
∏m
j=3,j 6=i r(x1 + xj)] +
∏m
i=3 r(x1 + xi)





























i=2 r(x1 + xi)∑m
i=2[
∏m






j=2,j 6=i r(xj)] + (m− 1)
∏m
i=2 r(xi)
for all x1, x2, ..., xm ∈ X. This completes the proof of the Theorem
4.2 Generalized Hyars - Ulam Stability of Recipro-
cal Type Functional Equation in Several Vari-
ables
Through this chapterX will denoted the set of non-zero real numbers.
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for all x1, x2, ..., xm ∈ X . If a function f : X → R satisfies the functional inequality
|Dmf(x1, x2, ....xm)| ≤ ϕ(x1, x2, ..., xm) (4.5)
for all x1, x2, ..., xm ∈ X , then there exists a unique reciprocal mapping r : X → R
which satisfies (4.1) and the inequality















for all x ∈ X.
Proof. Replacing xi by
x
2

























































































































































Now, replacing x by x
2














































































































































































for all x ∈ X.























(4.5) and dividing by 2n, we obtain
|2−nDmf(2−nx1, 2−nx2, ....2−nxm)| ≤ 2−nϕ(2−nx1, 2−nx2, ....2−nxm) (4.19)
































































for all x1, x2, ..., xm ∈ X and for all positive integer n.
Taking limit n→∞ in (4.15), we arrive (4.6). Now, it remains to show that r is
uniquely defined. Let r1 : X → R be another reciprocal mapping which satisfies (4.1)
and the inequality (4.6) , since r(2−nx) = 2nr(x) then r1(2
−nx) = 2nr1(x) and using




























for all x ∈ X. Allowing n → ∞ in (4.20), we find that r is unique. This completes
the proof of the Theorem. 







for all x1, x2, ..., xm ∈ X . If a function f : X → R satisfies the functional inequality
|Dmf(x1, x2, ..., xm)| ≤ ϕ(x1, x2, ..., xm) (4.22)
for all x1, x2, ..., xm ∈ X , then there exists a unique reciprocal mapping r : X → R
which satisfies (4.1) and the inequality






for all x ∈ X.
Proof. Replacing xi by x for i = 1, 2, ...,m in (4.22) we get























m−2(x) + (m− 1)fm−1(x)






(m− 1)fm−1(x) + (m− 1)fm−1(x)











| ≤ ϕ(x, x, ..., x) (4.28)
Multiplying by (m− 1), we get
|f(2x)− 1
2
f(x)| ≤ (m− 1)ϕ(x, x, ..., x) (4.29)
83
Multiplying by 2 we get
|2f(2x)− f(x)| ≤ 2(m− 1)ϕ(x, x, ..., x) (4.30)
Replacing x by 2x in (2.30), we obtain
|2f(22x)− f(2x)| ≤ 2(m− 1)ϕ(2x, 2x, ..., 2x) (4.31)
Multiplying by 2 we get
|22f(22x)− 2f(2x)| ≤ 2(m− 1)2ϕ(2x, 2x, ..., 2x) (4.32)
Using triangle inequality and both (4.31) and (4.32) to get
|22f(22x)− 2f(2x)| ≤ |22f(22x)− 2f(2x)|+ |2f(2x)− f(x)|
≤ 2(m−1)[ϕ(2x, 2x, ..., 2x)+ϕ(x, x, ..., x)] = 2(m−1)
1∑
i=0
2iϕ(2ix, 2ix, ..., 2ix) (4.33)
Proceeding further and using induction arguments on a positive integer n, we
arrive
|2nf(2nx)− f(x)| ≤ 2(m− 1)
n−1∑
i=0
2iϕ(2ix, 2ix, ..., 2ix) (4.34)
for all x ∈ X . Hence for any integers l, k with l > k > 0, we obtain by using the
triangular inequality
|2lf(2lx)− 2kf(2kx)|
= |2lf(2lx)− 2l−1f(2l−1x) + 2l−1f(2l−1x)− ...+ 2kf(2kx)|




2iϕ(2ix, 2ix, ..., 2ix) (4.35)
for all x ∈ X .Taking the limit as l → ∞ in (4.35) and considering (4.21), it follows
that the sequence {2nf(2nx)} is a Cauchy sequence for each x ∈ X. Since R is com-
plete, we can define r : X → R by r(x) = limn→∞ 2nf(2nx) .To show that r satisfies
84
(4.1), replacing (x1, x2, ....xm) by (2
nx1, 2
nx2, ....2
nxm) in (4.22) and multiplying by
2n, we obtain
|2nDmf(2nx1, 2nx2, ....2nxm)| ≤ 2nϕ(2nx1, 2nx2, ....2nxm) (4.36)



































































for all (x1, x2, ....xm) ∈
X and for all positive integer n. Taking limit n→∞ in (4.34), we arrive (4.23). Now,
it remains to show that r is uniquely defined.
Let r1 : X → R be another reciprocal mapping which satisfies (4.1) and the inequality
(4.23) , since r(2−nx) = 2nr(x) then r1(2
nx) = 2−nr1(x) and using (4.23), we arrive













for all x ∈ X. Allowing n → ∞ in (4.37), we find that r is unique. This completes
the proof of Theorem 
Corollary 4.2.3. [16] For any fixed c1 ≥ 0 and p > −1 or p < −1, if f : X −→ R
satisfies










p, for p > −1
2m(m−1)c1
1−2p+1 |x|
p, for p < −1
for all x ∈ X.
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Proof. If we choose ϕ(x1, x2, ..., xm) = c1(
∑m
i=1 |xi|p), for all x1, x2, ..., xm ∈ X,

























2p+1−1 then |r(x) − f(x)| ≤
2m(m−1)c1
2p+1−1 |x|
p, for all x ∈ X and
p > −1.














p then |r(x)− f(x)| ≤ 2m(m−1)c1
1−2p+1 |x|
p, for all x ∈ X and
p < −1 .
Corollary 4.2.4. [16] For any fixed c2 ≥ 0 and p > −1 or p < −1, if f : X −→ R
satisfies












p, for p > −1
2(m−1)c2
1−2p+1 |x|
p, for p < −1
for all x ∈ X




m ) for all x1, x2, ..., xm ∈ X,

























2p+1−1 then |r(x)−f(x)| ≤
2(m−1)c2
2p+1−1 |x|
p for all x ∈ X and p > −1














p then |r(x) − f(x)| ≤ 2(m−1)c2
1−2p+1 |x|
p for all x ∈ X and
p < −1 .




if f : X −→ R satisfying the functional inequality








for all x1, x2, ..., xm ∈ X, then there exists a unique reciprocal mapping r : X −→ R









mα, for α < −1
m
for all x ∈ X.




i=1 |xi|α) for all x1, x2, ..., xm ∈


















































mα then |r(x)− f(x)| ≤ 2(m−1)(m+1)c3
2mα+1−1 |x|
mα, for
all x ∈ X and α > − 1
m
.






















mα then |r(x) − f(x)| ≤ 2(m−1)(m+1)c3
1−2mα+1 |x|
mα, for all




The following example illustrates the fact that the functional equation (4.1) is not
stable for p = −1 in Corollary 4.2.3.





, x ∈ (1,∞)
µ, otherwise





for all x ∈ X. Then the mapping f satisfies the inequality








for all x1, x2, ..., xm ∈ X.
Therefore, there do not exist a reciprocal mapping r : X −→ R and a constant β > 0
such that
|f(x)− r(x)| ≤ β|x|−1 (4.42)
















i=1 |xi|−1) ≥ 1
then the left hand side of (4.41) is less than 6µ
m−1 .
Now, suppose that 0 < (
∑m



















i=1 |xi|−1 < 1 or
xi
2k
> 1 > 1
2
for i = 1, 2, ...,m
or xi
2k−1









(x1 + xi) > 1 for i = 2, 3, ...,m. Therefore, for each value of













−nxm) = 0 for n = 0, 1, 2, ..., k − 1. Using (4.43) and the
definition of f , we obtain |Dmf(x1, x2, ....xm)|
= |
∏m
i=2 f(x1 + xi)∑m
i=2[
∏m


























































for all x1, x2, ..., xm ∈ X.Therefore, the inequality (4.41) holds true. We claim that the
reciprocal functional equation (4.1) is not stable for p = 1 in Corollary 4.2.3. Assume
that there exists a reciprocal mapping r : X −→ R satisfying (4.42). Therefore, we
have
|f(x)| ≤ (β + 1)|x|−1 (4.44)
However, we can choose a positive integer m with mµ > β + 1. If x ∈ (1, 2m−1) then













> (β + 1)|x|−1 which contradicts (2.51).
Therefore, the reciprocal type functional equation (4.1) is not stable for p = −1 in
Corollary 4.2.3.
The following example illustrates the fact that the functional equation (4.1) is not
stable for α = −1
m
in Corollary 4.2.5
Example 4.3.2. [16] Let ϕ : X −→ R be a mapping defined by
ϕ(x) =
 δx , x ∈ (1,∞)δ, otherwise






for allx ∈ X. (4.45)
Then the mapping f satisfies the inequality












for all x1, x2, ..., xm ∈ X.
Therefore, there do not exist a reciprocal mapping r : X −→ R and a constant β > 0
such that
|f(x)− r(x)| ≤ β|x|−1 (4.47)
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m )} ≥ 1,
then the left hand side of (4.46) is less than 6δ
m−1 . Now, suppose that
0 < {
∑m




m )} < 1,































m )} < 1
or2kx−1i
















> 2 > 1









(x1 + xi) > 1









(x1 + xi) > 1
for i = 2, 3, ...,m and Dmϕ(2
−nx1, 2
−nx2, ..., 2
−nxm) = 0 for n = 0, 1, 2, ..., k − 1,.
Using (4.48) and the definition of f , we obtain
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|Dmf(x1, x2, ..., xm)|
= |
∏m
i=2 f(x1 + xi)∑m
i=2[
∏m






























































for all x1, x2, ..., xm ∈ X. Therefore, the inequality (4.1) holds true. We claim that the
reciprocal functional equation (4.1) is not stable for α = − 1
m
in Corollary 4.2.5. As-
sume that there exists a reciprocal mapping r : X −→ R satisfying (4.47). Therefore,
we have
|f(x)| ≤ (β + 1)|x|−1 (4.49)
However, we can choose a positive integer m with mδ > β + 1. If x ∈ (1, 2m−1) then











> (β + 1)|x|− 1m which contradicts (4.49). Therefore, the reciprocal
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